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unpacking mathematisation: an experimental framework for arithmetic instruction
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Research is reviewed that emphasises mathematisation, that is, students bringing increased mathematical sophistication to their activity. A framework is described of ten dimensions of mathematisation that are important for learning arithmetic: complexifying arithmetic, distancing the setting, extending the range, formalising arithmetic, organising and generalising, notating, refining computational strategies, structuring numbers, decimalising numbers and unitizing numbers. The paper draws on a corpus of videotape of interactive teaching from an on-going design research project. Uses of the framework are illustrated in analyses of two lesson episodes, and in a map of ten ways a teacher could develop the instructional task—8+5. Finally, four questions are posed on the potential of the framework to inform instruction.

The Numeracy Intervention Research Project (NIRP) is a design research project developing pedagogical tools for intervention in learning arithmetic (Wright, Ellemor-Collins, & Lewis, 2007). Central to our instructional design is the aim of cultivating mathematisation. The purpose of this paper is to describe an experimental framework of dimensions of mathematisation to support instruction in arithmetic.
Background

Mathematisation in learning arithmetic

Students mathematise by bringing more mathematical sophistication to their activity. Progressive mathematisation means the development of mathematical sophistication over time: for example, developing from adding with counters through to adding bare numbers. Freudenthal and others have argued that the central task of mathematics instruction is to support progressive mathematisation (Beishuizen & Anghileri, 1998; Freudenthal, 1991; Gravemeijer, Cobb, Bowers, & Whitenack, 2000). The emergent modelling heuristic (Gravemeijer & Stephan, 2002), for example, seeks to design instruction that supports progressive mathematisation from context-bound activity to more formal and more sophisticated reasoning.

Research has established, for learning number and arithmetic, the importance of several particular forms of mathematising, such as: symbolising and formalising (e.g. Gravemeijer, et al., 2000; Gravemeijer & Stephan, 2002); generalising (e.g. Carraher, Schliemann, Brizuela, & Earnest, 2006); flexiblising of computation strategies (e.g. Beishuizen & Anghileri, 1998); structuring numbers (e.g. Ellemor-Collins & Wright, 2009; Gravemeijer, et al., 2000); decimalising to develop base-ten thinking (e.g. Cobb & Wheatley, 1988; Freudenthal, 1991); and unitising numbers (e.g. Cobb & Wheatley, 1988; Mulligan, Mitchelmore, & Prescott, 2006). Thus, designs for arithmetic instruction need to address several forms of mathematisation.

Dimensions of mathematisation in interactive instruction

In moment-to-moment instruction, teachers can observe students’ responses to a task, and pitch a subsequent task or comment just beyond the cutting edge of the students’ current knowledge, to elicit mathematisation. Such interactive instruction could be described in terms of scaffolding or micro-adjusting (Wright, Martland, Stafford, & Stanger, 2006). Such instruction requires, in part, that teachers be aware of the different ways a task could be developed or extended, and the different forms of potential mathematisation involved, similar to what Chick has investigated as the affordances of tasks (2007). Hence, designs for instructional tasks and procedures could involve articulating the potential dimensions for developing tasks to elicit mathematisation.

A framework of dimensions of mathematisation

Within the NIRP, an experimental framework of five key domains of arithmetic knowledge has been developed (Wright, et al., 2007). Instructional tasks and procedures have been developed for each of these domains (Wright, Ellemor-Collins, & Tabor, in press). Design of instructional procedures has sought to promote students’ progressive mathematisation, and has included the explicit development of tasks along particular dimensions of mathematisation. Examples of dimensions include: in instruction for addition and subtraction in the range 1 to 20, the progressive distancing of the setting (Ellemor-Collins & Wright, 2008); and in instruction for conceptual place value, the distancing of the setting, the extending of the range of numbers, and the complexification of increments (Ellemor-Collins & Wright, in press). However, we were aware that significant dimensions of mathematisation have remained less explicitly articulated in the instructional design within each domain. Also, dimensions of mathematisation appear to be common across the domains. We became interested in unpacking the significant dimensions of mathematisation for the learning of arithmetic across all domains, and becoming more explicit and systematic about addressing each of these dimensions in instruction.

To this end, we have developed an experimental framework of ten dimensions of mathematisation for arithmetic instruction. Research-based frameworks can be effective for guiding instruction (Bobis, et al., 2005). The experimental framework of dimensions described in this paper is intended to indicate productive dimensions for developing tasks to elicit mathematisation in interactive teaching, within all domains of arithmetic. More broadly, we intend the framework to characterise the key dimensions of progressive mathematisation involved in learning whole number arithmetic. The purpose of this paper is to describe the dimensions in the framework, and to illustrate the potential of the framework in the development of interactive instruction.

method

The NIRP adopted a method based on design research (Lesh, 2002), incorporating extensive teaching experiments (Steffe & Thompson, 2000) over three one-year design cycles. Each year involved an experimental intervention program, including professional development of teachers, student assessments, and a term of intensive teaching in classes of one or three students. In total, the project has involved 25 teachers and 200 students in intensive intervention teaching (Wright, et al., 2007). All individual classes and assessments were videotaped, providing an extensive corpus of video data for analysis.

The development of the experimental framework of dimensions of mathematisation is a form of instructional design (Gravemeijer & Stephan, 2002). The corpus of videotape of intensive interactive teaching is a rich context for unpacking mathematisation. Developing the framework has involved an iterative process of analysing teaching episodes and teaching procedures for common dimensions of mathematisation, devising a conjectural framework, returning to check the framework against further teaching, and revising the framework. Thus the design process is similar to the method of Cobb and Whitenack (1996) for analysing longitudinal teaching data. Nevertheless, as instructional design, our final criterion for the success of the framework is not the fit with current data. Rather, the criteria are the significance of the dimensions of mathematisation for student learning of arithmetic, and the pragmatic usability of the framework by teachers. Thus the framework should describe what teachers see students doing and how they think of their practice. The framework is experimental in the sense that the design process is on-going: we will trial it, and teachers will trial it, in professional development projects.
framework of dimensions of mathematisation

Table 1 lists the ten dimensions of the framework. Each dimension is given a one-letter code for ease of reference. Below we briefly describe each dimension, and give examples of the development of tasks to elicit mathematisation along the dimension.

(C) Complexifying arithmetic. By complexify we mean: develop more parts or more directions. Common ways to make a more arithmetically complex task include changing: from counting forwards to counting backwards; from adding to finding a missing addend; from adding a single ten to adding multiple tens; from tasks that do not involve regrouping to tasks that do; and from division without a remainder to division with a remainder.

(D) Distancing the setting. In the instructional design, initial tasks often involve an instructional setting such as ten-frames or base-ten materials. The student can be progressively distanced from the setting through steps such as: (1) manipulating the materials; (2) seeing the materials but not manipulating them; (3) seeing them only momentarily; and (4) solving tasks posed in verbal or written form without materials.
	C  Complexifying arithmetic

D  Distancing the setting

E  Extending the range

F  Formalising arithmetic

G  Organising and generalising
	N  Notating

R  Refining computation strategies

S  Structuring numbers

T  Decimalising numbers (T for Tens)

U  Unitizing numbers


Table 1: Framework of dimensions of mathematisation for arithmetic instruction.

(E) Extending the range. Tasks can be posed using higher numbers. The range of numbers can progress through: 1-5, 0-10, 0-20, 0-100, 0-200, 0-1000, beyond 1000.

(F) Formalising arithmetic. Formalising means investing more significance in form, especially in notations and language. Formalising arithmetic can involve: developing more formal notation, such as shifting from idiosyncratic notation, to informal arrow notations, to formal number sentences; developing more precise terminology, such as shifting from ‘take ‘away’ to ‘subtract’; and developing more standardised arrangements of materials, such as a practice of grouping counters in rows of five.

(G) Organising and generalising number relations. Organising can involve making categories: for example, from a set of ten-frame cards, separate the five-wise and pair-wise configurations. As well, organising can involve making an ordered list: for example, list the partitions of 6 in order: 0+6, 1+5, 2+4, 3+3. Organising is closely aligned with generalising about number relations. For example, considering the ten-frames, how can we characterise five-wise configurations? Considering the ordered list of partitions of 6, how many partitions of 7 or of 8 would there be?

(N) Notating. A teacher can notate, or can ask the student to notate. Arithmetic tasks can be notated: for example, the task “16 and how many more to make 20?” presented on the arithmetic rack can be notated as 16 + ⃞ = 20. Also, computation strategies can be notated: a jump strategy for solving 34+19 can be notated as jumps on an empty number line, or with number sentences: 34+10=44, 44+6=50, 50+3=53. 

(R) Refining computation strategies. Students can reflect on and discuss their computation strategies. In discussions, teachers can draw attention to curtailed procedures or the use of number relations, and encourage efficiency, flexibility, and insight in computation. Teachers can also pose tasks selected to elicit particular strategies, for example, posing the set of tasks 34 + 19, 64 − 18, 49 + 27, 57 + 28, to elicit strategies capitalising on numbers near a decuple.
(S) Structuring numbers. By structuring numbers we mean noticing and using number relations, and developing an increasingly dense network of number relations. A common task to elicit structuring is, in a setting such as a ten-frame, to describe a number as a combination or partition of other numbers: for example, describing an 8-dot ten-frame as 5-and-3, or as 10-less-2. Also, students can be asked to use a number relation to solve a task: for example, can you use that 8 is close to 10 to solve 8+7?
(T) Decimalising numbers (T for Tens). By decimalising we mean developing the practice of organising numbers into ones, tens, hundreds, thousands and so on; developing base-ten thinking. Tasks can involve incrementing and decrementing by 1s, 10s, and 100s. Tasks can involve arranging materials in groups of ten. Tasks can emphasise decimalised language—“how many tens, how many ones?”—or the decimalised numeration system—“why are there zeros in the numeral 1007?”
(U) Unitizing numbers. By unitizing we mean students coming to regard numbers as units, that is, as single whole objects that can be counted. For example, when a student counts how many 3s in 12 as one 3, two 3s, three 3s, four 3s; the 3s are regarded as units. Unitizing can involve, for example, reasoning that if there are four 3s in 12, then there are eight 3s in 24, which involves counting units of units. Tasks to elicit unitizing include counting rows in arrays, and drawing attention to the unitary aspect alongside the composite aspect of numbers.

lesson Episodes illustrating the dimensions

Below we describe two lesson episodes. For each episode, we analyse how the teachers develop tasks to elicit particular dimensions of mathematisation. These accounts serve as illustrations of how the dimensions arise in interactive teaching. Further illustrations of the dimensions in teaching are available in earlier papers (Ellemor-Collins & Wright, 2008, in press).

Episode 1: Subtracting nine

Mr Benz used an arithmetic rack, a frame with two rods each of ten sliding beads. Mr Benz posed 16–9, which Alan did not solve. With 16 on the rack (10 upper & 6 lower beads), Mr Benz asked Alan to take away 9 on the rack. Alan shuttled all 6 lower beads, and 4 upper beads, and after questioning, changed to 3 upper beads. Mr Benz said “You’ve taken away nine. And how many’s left?” Alan looked at the rack and said “Seven!” Mr Benz built 16 again and indicated 9 upper beads. “You take away those nine.” Alan shuttled 9 upper beads. Mr Benz asked, “What’s left?” Alan answered “Seven!” Mr Benz made 16 again, saying “You can say, well if I took away ten (shuttling 10 beads), but I leave one (returning 1 bead) and that’s like taking away nine.” Next, Mr Benz asked Alan to write 14(10, and momentarily displayed 14 on the rack. Alan answered “Four,” checked with the rack unscreened, and wrote “= 4”. Mr Benz asked Alan to write 14(9, and momentarily displayed 14 on the rack. Alan answered “Five.” Mr Benz unscreened the rack, asking “Where’s the big nine you can grab?” Alan shuttled 9 upper beads, then confirmed and wrote “= 5”.

Analysis of dimensions. Mr Benz suggested that taking nine beads can be related to taking ten, eliciting structuring of the numbers (S). He posed 14(10 followed by the more complex 14(9 (C). He micro-adjusted the distance of the arithmetic rack setting (D), between Alan manipulating the rack, looking at the rack, and only briefly seeing the rack. He also had Alan write each task and each answer (N), and prompted him to write formal number sentences (F).
Episode 2: 75 ( 39

Connor solved two 3-digit addition tasks mentally. In previous lessons Connor was unsuccessful when attempting 2-digit subtraction tasks. Mrs James posed “75 take away 39” (with 75–39 written), asking Connor to start with 75. After ten seconds Connor answered “36”, and Mrs James wrote 36. She proceeded to jointly work through the solution:

Mrs James:
I want to keep the 75 as a whole number. 75 take away 30 equals …? (writing 75–30=  ).

Connor:
45.

Mrs James:
(Writes 45 to complete the number sentence 75(30=45.) 45 take away...? (writing 45–  ).
Connor: 
Five (pointing at the 9 in 39).

Mrs James:
Okay. (Writes 5 & 4 under 9.)…five is 40 (completes writing 45(5=40). 40 take away…? (writing 40(  ).
Connor: 
Four (pointing to the 4 under the 9). 

Mrs James:
…4 gave you the 36 (completes writing 40(4=36). Well done.
Analysis of dimensions. Mrs James shifted from posing addition tasks to posing a subtraction task (C). At the same time, she retreated from 3-digit numbers to 2-digit numbers (E). She asked Connor to start with the 75, and after he solved the task, she led him through a jump strategy, to encourage a preferred strategy for subtraction (R), which organises the subtrahend in tens and ones (T). Mrs James notated the strategy (N), using standard number sentences (F), with an extra notation to record the partition of 9 into 5 and 4 (S).
applying the framework in instruction

Our instructional aim is to encourage students to mathematise their arithmetic activity. In interactive teaching, the framework dimensions serve a dual purpose: to make explicit the dimensions along which students might mathematise their activity, and to indicate ways a teacher can develop tasks to elicit such mathematisation. Teachers might elicit mathematisation by commenting on a student’s response to a task, or by posing a similar task with one dimension ratcheted up a level. The framework of dimensions can serve as a map of these possibilities at any given moment in interactive teaching.

To illustrate, imagine the task 8+5 has been posed with visible ten-frames, and a student has responded. At this point, possible teacher’s comments and task developments to elicit particular dimensions of students’ mathematisation include: (C) posing 8+?=12 with ten-frames; (D) posing 8+4 with screened ten-frames; (E) posing 28+5 with ten-frames; (F) posing 8+4 in standard written form; (G) posing “Make all the pairs of numbers that sum to 13”; (N) asking the student to notate her strategy on an empty number line; (R) comparing a counting-on strategy (8: 9, 10, 11, 12, 13!) with an add-through-ten strategy (8+2(10+3(13); (S) asking what number relations could be used to help solve 8+5; (T) drawing attention to regrouping the numbers using 10; (U) asking how many fives there are (one in the eight, and one in the five). Thus, drawing on the framework, we can devise up to ten ways to develop an instructional task, with each development directed toward significant mathematisation.

Summary

As described earlier, particular forms of mathematising are well established in the research literature. The potential contribution of the framework is to synthesise into a coherent and instructionally useful form an account of the significant forms of mathematisation for learning arithmetic. We expect the framework of dimensions to enhance our broader instructional framework, and to serve as a map of instructional possibilities in interactive teaching. As well, the framework will be of interest to others developing arithmetic instruction based on mathematisation.

Having developed this experimental framework, we will continue to trial and revise it in professional development settings. Questions arising include: How can we refine our current instructional procedures using the framework? How can teachers use the framework to inform moment-to-moment teaching? How does the framework clarify the link between moment-to-moment teaching decisions and medium-term goals for student learning? What is the potential of a framework of several dimensions of mathematisation, as an alternative to one- or two-dimensional learning frameworks?
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